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Abstract 



We prove the existence of solutions for a class of quasilinear 
problems involving variable exponents and with nonlinearity having 
critical growth. The main tool used is the variational method, more 
precisely, Ekeland's Variational Principle and the Mountain Pass 
Theorem. 
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1 Introduction 

The present paper concerns with the existence of solutions for the following 
class of quasilinear problems involving variable exponents 

-A p(x) u + Vix)^^' 1 = \h{x)u r{ ^- 1 + iiu q ^- 1 + u p *W-\ R N 
u>0 and u ^ 0, R N (P) 

where A p ( x ) is the p(x)-laplacian operator given by 

A p{x) u = div(|Vw| p(:r) - 2 Vw), 

A,/i are positive parameters, p: R — >■ R is a Lipschitz continuous function, 
V, q, r : M> N — > R are continuous functions and h is a nonnegative function in 
L e W(R N ) with 

9(x) = ^ . 

Np(x) — r(x) (N — p(x)) 

Moreover, the functions p, q and V are Z^-periodic, that is 

p(x + y) = p(x), q(x + y) = q(x), V(x + y) — V(x) Vx G M. N and Wy G T, N 

(Ho) 
and we also assume that 

1 < P- < p{x) <p+ < N Vx G R w . (#i) 

1 < r_ < r + < p_ < p + < g_ < q(x) < p*(x), Vx G R^. (# 2 ) 

inf T(j) = V > 0. (V ) 

Here, the notation w(x) <C t>(x) means that inf (u(x) — v(x)) > 0, 

Nu(x) 
N-u(x) 



U- = ess inf u(x), u + = ess sup u{x) and u*(x) = N _,\ Vx G R^. 



Partial Differential Equations involving the p(x)-laplacian arise, for 
instance, as a mathematical model for problems involving electrorheological 
fluids and image restorations, see [TJ [2J [TUl El [151 EI]- This explains the 
intense research on this subject in the last decades. Regarding to the 
application of variational methods in order to solve p(x)-laplacian problems, 



many research were already done when the nonlinearities have a subcritical 
growth, see for example, [H El H21 UHl EOl Ell [221 1231 El] and references therein. 
However, when the growth involves some criticality, some articles just began 
appear recently, see the papers due to Alves & Souto [7j, Alves [6\, Alves & 
Ferreira [8], Bonder & Silva [21], Bonder, Saintier and Silva [23 [26] , Fu & 
Zhang [23I2S], Shang & Wang [38J and references therein. 

In [3J, Alves has studied the existence of solutions for the following class 
of quasilinear problems: 

' -A p u = Xg{x)u r - 1 + u p *~\ R N 
u>0,u^0 (P ) 

where A>0,2<p<iV, 1 < r < p and g is a nonnegative function belonging 
to L e (R N ) with 

e _ N P 

Np - r(N - p) ' 

In [3] , by using variational methods, more precisely, Mountain Pass Theorem 
and Ekeland's Variational Principle, the existence of two solutions has been 
established when A is small enough. In the literature, we can find a lot of 
papers related to problem (P ) involving bounded or unbounded domains, 
see for example, [91 [HI [131 USB EH ESI EH1 HO]. However, involving variable 
exponents, the authors know only the paper |24| . where the nonlinearity has 
a behavior like concave-convex and the domain is bounded. 

Motivated by the above informations, we prove that similar results to that 
found in [3] also hold for the case where the exponents are variable. More 
precisely, we have showing that the energy functional I : W 1,P ^ X '(M. N ) — > R 
associated with (P), which is given by 

i( u )= [ -L(\vu\ p w + v(x)\u\ p W)-\ f y&(u + yw 

Jr* V\x) Un r(x) 

Jr n q{ x ) Jr n p \ x ) 

has two critical points for each \x large enough and A small enough. 
Our main theorem is the following 



Theorem 1.1 There exists //* > such that for each \x > n* ; there is 
A M = A(/x) > such that problem (P) has two solutions * 1; * 2 e W 1 '^^) 
with 

J(* 2 ) < < /(*!), 

/or a// A G (0,A M ). 



The Theorem 11.11 is an immediate consequence of Theorems 14.31 and 15. 3[ 
which were proved in Sections 4 and 5 respectively. In the proof of the above 
results, we have used a result found in [8], which shows that the problem 

-A p{x) u + V(x) \u\ p( -^- 2 u = fi\u\ q ^- 2 u + \u\ p *^- 2 u, R N 
u^O and uef'^JR^), ^ "' 

has a ground state solution, that is, the mountain pass level of the energy 
functional associated with (P M ) is a critical value. 

We recall that the energy functional 1^ : W 1 ' P ^ X \'R N ) — > K associated to 
(Pfj) is given by 

/»=/ _i-(|Vtt|*W + V(ar)|tt|^)-A*/ ^~M q{x) - I -4rW (x) - 
Jrn p(x) J r n q(x) J r n p*{x) 

Thus, if c M denotes the mountain pass level of 7 M , we say that \& G W 1 ' p ^(]R iV ) 
is a ground state solution of (P M ) if 

/;(*) = and /„(*) = c M . 

In [6], the below limit has been proved 

c M — >• 0, as /i — )• +oo. (1.1) 

The above limit is a key point in our arguments, because in the present paper, 
we will denote by (Xq > a number such that 

c M < min j 7 (^-J ,— i/ V/i>/i , (1.2) 

where 

7 = l/p+ - 1/pI, ^ = l/p+ - l/q-, (1.3) 



and K > 1 is fixed satisfying 

\u\ p , {x) < K\\u\\, Vw G W 1 *^ (R N ) . 

Furthermore, standard arguments work to prove that the ground state 
solution ^ of (P M ) can be chosen nonnegative. 

Notation: The following notations will be used in the present work: 

• C and Ci will denote generic positive constant, which may vary from line 
to line. 

• In all the integrals we omit the symbol dx. 

• u + (x) = max{«(i), 0} and u~(x) = mm{u(x), 0}. 

2 Variable exponent Lebesgue and Sobolev 
spaces 

In this section, we recall some results on variable exponent Lebesgue and 
Sobolev spaces found in [T71 [TS] and their references. 

Let z G L°°(M N ) with Z- > 1. The variable exponent Lebesgue space 
L< X \R N ) is defined by 

I \z(x) , 

\u\ y ' < O 

R N 



z{x) 

< 1 



The variable exponent Sobolev space is defined by 

W 1Ax) (R N ) = {ue L z{x) (R N ) | |Vu| G L z{x \R N ) } , 
with the norm 

ll W lll,«(a!) = \ U \z(x) + \^ U \z(x) ■ 



L Z ( X \R N ) = fu:R N ^R 


u is m 


easur. 


ibl 


endowed with the norm 




\ U \z(x) = inf ' 


A>0 


/ 

Jr n 


u 
A 



If M e L°°(]R iV ) satisfies M_ > 0, the norm 



Idl = inf < A > 



Vw 



A 



z(x) 



+ M(x) 



z(x) 



< 1 



(2.4) 



is equivalent to norm || • Hi^y If -2- > 1, the spaces L Z ^(M. N ) and 
W x ' z ^ x ' (M. N ) are reflexive and separable Banach spaces with these norms. 



Proposition 2.1 The functional £ : W^** (R N ) -)• R de/med by 



£(u)= [ (\Vu\ z{x) + M{x)\u 
Jr n v 



z(x) 



/ios i/ie following properties: 

(i) // ||w|| > 1, i/ien ||w|| 2 ~ < £(w) < IM| Z+ . 
(ii) J/ ||u|| < 1, then \\u\\ z+ < £(u) < \\u\\ z - . 

In particular, for (u n ) C W 1 ' Z ^(R JV ), 

||u n || — ^ •<=>- ^(n n ) — > 0, and, 
(w n ) zs bounded in W ,Z ^ X '(M. ) -<=>• £,{u n ) is bounded in 

Remark 2.2 For the functional £ z : L Z ( X >(W. N ) — > R given by 



Un) 



\u 



z(x) 



(2.5) 



the same conclusion of Proposition lff.il a/so holds. Moreover, from (i) and 
(ii), 



\u\ z{x) < max 



\u 



z(x) 



l/*_ 



a 



z{ps) 



l/ 2 _, 



(2.6) 



Related to the Lebesgue space L z ( x \lBL N ), we have the following 
generalized Holder's inequality. 
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Proposition 2.3 ([35, p.9]) For z e L°°(R N ) with z. > 1, let z' : R N -> 
be such that 



1 1 



H — = 1 a.e. in 

z(x) z'(x) 

Then, for any u G L z( - X \R N ) and v G L Z '^(R N ), 



>N 



it v 



-\ — + — ) l M U-) \ V W) ■ ( 2 - 7 ) 



Proposition 2.4 ( [TfL Theorems 1.1, 1.3]) Let z : M^ -)- R be a 

Lipschitz continuous satisfying 1 < z_ < z + < N and s : R N -> I de a 
measurable function. 

(i) If z<s<z*, the embedding W l ^ x) (R N ) M> I/^R^) zs continuous. 

(ii) Ifz<s<^z*, the embedding W 1 ' Z ^(R N ) <-+ L^(R N ) is compact. 

The next two results are very important in our arguments and their proofs 
follows the same arguments explored in [32], this form, we will omit their 
proofs. 

Proposition 2.5 (Brezis-Lieb's lemma, first version) Let 

z G L co (R N ) with z_ > 1 and (r] n ) C L z(x \R N ,R k ) verifying 

(i) r) n (x) — > rj(x), a.e. inR N ; 
(ii) sup|?7 n | LzW(M iv iRfc) < oo. 

Then, n G L*(*>(R*R*) and 

\Vnf x) - \Vn ~ V\ Z(X) ~ \V\ Z(X) ) dx = o n (l). (2.8) 



Proposition 2.6 (Brezis-Lieb's lemma, second version) Let 

z G L°°(R N ) with z_ > 1 and (r? n ) C £,*<*>(]£** R fc ) verifying 



(i) r/„(x) — > 77 (x), a.e. in 



(ii) sup|r/„| L , W(]R iv )Rfc) < 00. 

ngN 



oAT. 



Then 



Tjn-^T) 111 



L z ( x) (R N ,R k ). 



(2.9) 



The next proposition is a Brezis-Lieb type result and it applies an 
important role in our paper. For the case where z is constant, the result 
is due to Alves 4 1 for z > 2 and Mercuri & Willem [331 for 1 < z < 2. 



Proposition 2.7 (Brezis-Lieb lemma, third version) Let z G L°°(R N ) 

with Z- > 1 and (r] n ) a sequence in L Z ^(R N ,R k ) such that 



(i) rj n (x) — > T)(x), a.e. in 



)JV . 



(nj SUp \7}n\L*(*)( 

neN 



< CXD. 



Then 



I \z(x)-2 i \z(x)-2 I \ i \z{x)-2 

Vln\ Vn-lVn-m {Vn ~ V) ~ \V\ V 



z'(x) 



On(l)- (2-10) 



Proof. In what follows, we set 

A(x,y) = \y\ z(x) ~ 2 y, Vx eR N ,ye R k . 
Our goal is to show that 



{xm N ;Kz(x)<2} 



A(x,r] n (x)) - A[x,r]n(x) - rj(x)) - A(x,n(x)) 



z'(x) 



and 



{x£R N ; z(x)>2} 



A(x, rj n (x)) - A(x, r] n (x) - r)(x)) - A(x, n(x)) 



z'(x) 



= o n (l) 

(2.11) 

On(l), 



(2.12) 

because if the above limits occur, we have that f)2.10p also occurs. This 
way, we will begin showing the limit (12. lip . If the set ,z -1 ((l,2)) has zero 
measure, we have nothing to do. Thereby, we will assume that £ -1 ((l,2)) 
has a positive measure and we will adapt the ideas found in [33]. First of all, 
we observe that 

a= sup F(x, y, h) < oo, (2-13) 

y,h£R k 



where 



F(x,y,h) 



\y + h\ z( d- 2 {y + h)- \y\ z{x) - 2 y 



In fact, given any t > 0, it is easy to see that 



hence 



( y 

F(x,y,th) = F \x,-,h 



a = sup F(x,y, h). 

*e*-l((l,2)) 



y,heR k 
\h\=l 



Firstly, if \y\ < 2, for any x G z _1 ((l, 2)), h <E R k with \h\ = 1, it follows 
that 

\\y + h\ z ^- 2 (y + h)-\y\^- 2 y\<5, 



implying that 



ci\ = sup F(x,y,h) <oo. 
xez-H(i,2)) 

y,h€K k 
\y\<2,\h\ = l 



(2.14) 



On the other hand, if \y\ > 2, for any t G [0, 1] and h G M. k with \h\ = 1, it 
holds 

\y + th\ > \y\ -t\h\ > 1. 

Therefore, for each i — 1, . . . , k and x G z~ l ((1, 2)) , 

' x d 



\y 



+ h\ z ^- 2 ( yi + hi) - \y\ z{x) ~ 



Vi 



dt 



\y + th\ z{x) - 2 {y l + th l )dt 



f (\y + th\ z ^- 2 h l +(z(x)-2)(y i + th l )\y + th\ z ^-\y + th)-h) dt 
Jo 

(3-z(x)) I \y + th\ z ^- 2 dt < 2 I ldt = 2, 
Jo Jo 



< 3- 



showing that 



«2 = sup F(x,y, h) < oo. 

^e Z -l((l,2)) 

y,h€K k 

\y\>2,\h\=l 



(2.15) 



Combining (T2THJ) with (I2TT5) . we obtain f l2TT3"|) . 



A direct computation gives 

\A(x, r] n (x)) - A(x, rj n (x) - rj{x)) - A(x, rj{x)) \ 
< F(x, Vn(x) - rj(x), rj(x)) ^(x)!*^" 1 + Ivix)^- 1 <(a + l)\ V (x)\ z ^-\ 

for all x G z' 1 ((1, 2)) , and so, 
\A(x, Vn (x))-A(x, Vn (x)-r]{x))-A(x,r]{x))\ z ' ix) < (a + l) z '+\r](x)\ z W, 

for all x G 2 _1 ((1,2)), where z'(x) = ^pi, Vx G R N . Now, the limit 
( 12. lip follows from the last inequality together with Lebesgue's dominated 
convergence theorem. 

In the proof of (12.121) . we will adapt the ideas found in [1]. If the set 
2 _1 ([2,oo)) has zero measure, we have nothing to do. Thereby, we will 
assume that z~ l ([2, oo)) has a positive measure. For each i = 1, . . . , k and 
x G R , we have that 

Ai(x,r] n (x)) - Ai(x,r] n (x) - r]{x)) 

= \Vn{x)\ Z(X) ~ 2 Vn(x) - \Vn{x) ~ T]{x)\ Z{x) ~ 2 {jf n {x) - T)i(x)) . 

So, by the previous calculations, 

\Ai(x,r) n (x)) -Ai(x,r] n (x)-r](x))\< (z(x)-l)\i](x)\ / \f] n {x) + {t-l)f](x)\ z{x) ~ 2 dt 

Jo 

<(z + -l)\r } (x)\(\ Vn (x)\ + \r,(x)\f x) - 2 . 

Therefore 

\A(xMx)) ~ A(x,r] n (x) -v(x))\ < C (Ivix)]^- 1 + \v(x)\\Vn(x)\ z M- 2 ) , 

for all x G 2 _1 ([2, oo)). The above inequality combined with Young's 
inequality leads to 

\A(x, Vn (x))-A(x, Vn (x)- V (x))\ < CieMx^-'+elvnix)^- 1 ,^ > 0. 

Now, for each e > 0, n G N, we define the function / e>n : R — ¥ R given by 

/ £i „(i)=max { \A(x, i] n (x)) -A(x, rj n {x)-rj{x)) -A(x, rj(x)) \ - e\ri n (x)\ z(x) ~ l , 0} , 

10 



which satisfies 

fe,n(x) — > a.e in ^ _1 ([2, oo)), as n — > oo, 

and 

< f e ,n(x) < (C(e) + l)|^)r (x) -\ Vx G ^([2,00)). 

So, by Lebesgue's dominated convergence theorem, 



/ fen" 1 ~> °> as n -^ OO. 



•(P,oo)) 

On the other hand, by the definition of / 6n , 

|A(x,77„(s)) -A(x,rj n (x) -r](x)) -A(x,ri(x))\ < e|77 n (x)| z(x)_1 + f^ n {x) 
for all x G M. N . Consequently, 

\A(x,r] n (x)) - A[x,7] n {x) -r]{x)) - A(x,r](x))\ z x 

<r' + [e z '-\ Vn (x)\ z ^ + ff^), 

for all x G M. N and e > sufficiently small. Thus, 

lim / \A(x,r] n (x)) - A(x,r] n (x) -r](x)) - A(x,r](x))\ z " 

n Jz-^[[2,oo)) 

<2 z ' + e z - I \Vn(x)\ z ^<Ce z '-,Ve>0, 

which implies that (j2.12p holds. 

3 Preliminary results 

In what follows, we will consider on W 1,p ^ x > CK N ) the following norm 

||it|| = inf {a > 0; p(a _1 w) < 1} , 

with 

p{u)= f {\Vu\ p{x) + V{x)\u\ p(x) ). 

11 



Using well known arguments, we have that the energy functional 
J : W 1,P ^(M. N ) — y M. associated with (P), which is given by 



I(u)= [ -^—(\Vu\ p{x) + V(x)\u\ p{x) ) -X 

J R N P(X) 



h(x) 

r(x) 



(u+yW 



"< ^j (m+),w -L^ ( " +)p ' w - 



is well defined and I G C 1 (W 1 >P( ie )(R JV ),R) with 

I'(u)v= [ {\Vu\ p{x) " 2 VuVv + V{x)\u\ p{x) -\v)-\ [ h{x){u + ) r{x) -\ 

Jr n Jr n 



H I {u + ) q{ - x) ~ l v - / {u + ) p * {x ^ l v, 



for all u, ve W 1 -P( a, )(R JV ). 



Lemma 3.1 All (PS)d sequences (v n ) for I are bounded. Furthermore, (i;+) 
is a (PS)d sequence for I . 

Proof. If there exist only a finite number of terms (v n ) such that p(v n ) > 1, 
then {y n ) is bounded and the proof is complete. Otherwise, suppose the 
existence of a infinitely many terms of (v n ) such that p(v n ) > 1. Since (v n ) 
is a (PS)d sequence, there is n G N such that 

I(v n ) I\v n )v n <d+l+ \\v n \\, n > n . 

Q- 

On the other hand, using the fact that p(v n ) > 1 and Holder's inequality, we 
get 

I(v n ) - —I'(v n )v n >(—-—) \\ Vn \\P- - X (— - — ) [ h(x)\v n \ r ^ 



Q- \P+ Q-/ \ r - q 

>(—-—) \\v n \\ p - - A (— - -) C\h\e( x) \\v n \ r{ %. w 

\P+ q-J \r- q-J K«) 
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and so, 

I(v n ) l'(v n )Vr, 



Q 
'J__J_V, \\p- -\(L-l\n\h\„J\., I 

p*(x) I n 'p*{x) 



^ ( — - —J lkll p ~ - A (— - — ) c \h\&( X ) ( K\ r v : (x) + K\ r v X 



>(—-—) \\v n \\ p - -\(—-—) \h\ e{x) (Cxll^y- + C 2 |k|r+) . 
VP+ 9-/ v r - Q-y 

From this, for n> no, 
d+l + \\v n \\ 

>(—--) \\vn\\ p - ~ A (- - -) \h\ e{x) (Cxll^ir- + C 2 ||^|r + ) 
Vp+ g_/ \ r - Q-J 

which yields (v n ) is also bounded in this case. 

Now, we will prove that (i>+) is also a (PS) a sequence for /. Note that 
the boundedness of (v~) combined with the limit ||J'(i; n )|| — > gives 

I'(v n )v~ ->■ 0, 

from where it follows that 

P(v~) -> 0, 

or equivalent ly 

v~^0 in W 1 ' p{x) (R N ). 

Now, a simple computation yields 

I(v n ) = I(v+) + o„(l) and I'(v n ) = /'(«+) + o n (l), 
proving that (i>+) is a (PS) a sequence. ■ 

From the last lemma, hereafter we will assume that all (PS) a sequences 
for / are composed by nonnegative functions. Moreover, once that 
\Y 1 >p(. x ) (R N ) is reflexive, if (v n ) is a (PS)a sequence for J, we also assume 
that for some subsequence, still denoted by itself, there is v E W 1 '^' (R N ) 
such that 

v„ ^v in W^^CR") 



v„[x) — > v(x) a.e m 
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/ • 



and 

v(x) > a.e in R N . 



The next lemma is a key point in our arguments, which can be found in 
[H]. However for the reader's convenience we will make its proof. 



Lemma 3.2 Let (v n ) be a (PS)d sequence for I and v E W l,p ^ (IR^) such 
that v n ->> v in W 1 *^ (R N ) . Then, I'{v) = 0. Hence, if v ^ 0, v is a 
nontrivial solution for (P) . 

Proof. Following a standard reasoning, it is sufficient to show that, up to a 
subsequence, 

Vv n (x) ->■ Vv(x) a.e in R N . 

We begin observing that, up to a subsequence, there exist two nonnegative 
measures m and n in M. (R N ) such that 

| Vv n \ p(x) -minM (R N ) (3.16) 

and 



v, 



\p*(*)^nmM(R N ). (3.17) 

In this case, according a concentration compactness principle in [27], there 
exists a countable index set 3 such that 



n= \v\ p * {x) dx + ^2ni5 Xi , 
m> \Wv\ p( - x Ux + J2 m i S xi 



and 

where (ttj)^, (tTli)i 6 3 C [0, oo) and (xj) ie 3 C M. N . The constant S 1 is given by 

S= sup / \uf {x) . 

uGM /l,p(a:)(RiV) J]RJV 
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Our first task is to prove that 

rrii = rii, Vz G 3. 
For this, let <p G C$°(R N ) such that 

<p(x) = 1 in Bi(0), <p(x) = in B°(0) and ° < ¥>(&) < IVx G R*. 
Fixed i 6 1 we consider for each e > 



<p e (x) = up 






VxG 



iA ? 



Since (u n ) is bounded in W 1 '^' (R N ) , the sequence {<p e v n ) is also bounded 
in W l > p ^(R N ). Thus, 

/'(v„)(^ e V n ) = O n (l), 



that is, 



/ (^|V^ n | p(:c) +^|Vt; n | pW - 2 Vt; n V^)+ / V(x)\v n \*M<p e 

Jr n Jr n 



= \ h(x)\v n \ r W<p e + V k|« ( *V e +/ |««| P * (X V e + On(l)- 

Taking the limits as n — > oo, the weak convergence of (|Vt>„| p ^) and 
(l^nl ) hi M.(M. N ) combined with the Lebesgue's dominated convergence 



[x)\v\ p ^ip e 



theorem and Proposition 12.61 give us 

/ (p e dm + lim sup / v n \Vv n \ p{x) ~ 2 Vv n V<p e + I V(c 

Jr n n Jrn Jrn 

= \[ h(x)\v\ r{x) <p t + fi I \v\ q W<p e + f ifi.dn. (3.18) 

Jr n Jr n Jr n 

Using Holder's inequality and the boundedness of (v n ) in W 1,p ( x \M N ), 

/ V n \Vv n \ P{x) - 2 Vv n ■ Vip e 

Jrn 



< 



Vv n f x) ~ l \v n V^\<C 
< Cmax{ [ J \v n \ p W\Vip, 



Nv, 



\p(x)-l 



\P(*) \X7m \ p W 



p'(x) P( > 
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where p'(x) = -^-^ 
convergence theorem, 



Vx G 



)iV 



Therefore, by Lebesgue's dominated 



lim sup 



/ v n \Wv n \ p ^- 2 Wv n -Wif 

JRN 

<C'um.xA ( / \v\ pi - x) \Vip e \ p{x) 



i 



\v\ p ^\V<p e \ p(x) 



i 
p+ 



Furthermore, by Holder's inequality 



\ p(x) \V^ € \ p{x) <C\\v\ p(x) 



L n -p(* 



7(b 2 ,(^)) 



|Vy. 



ip(x) 






Once that 



we derive 



JB 2e (xi) Jb 2 (o) 



\V<p\ 



N 



\V<P. 



\p(x) 



N , s. 

^ L^) [B 2e {xi)j 



< max { ( / |Vy? ( 

'B 2e (x l ) 



\N 



IV?, 



iTV 



B2i(xi) 



for some positive constant C, which is independent of e. Thereby, 



1 l L w =^(B 2e (x i )) 



and so 



lim sup 



/ v n \Vv n \ p ^- 2 Vv n -Vif t 
Jrn 



<Cmax \\v\ p(x) \ p - 



\\ 1 ,\p( x )\ p + 

1 I U \ I iV 






< c 
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But, 



\v\ p{x) \ _± 



< max 



ip* (a:) 



' B 2 e(Xi) 

from where it follows that 



51 



\p*(x) 



B2c( x i) 



lim lim sup 



/ v n \Vv n \ p ^ 2 Vv n Vip ( 



implying that 

limlimsup / v n \Vv n \ p{ - x) ~ 2 Vv n Vip e = 0. 
e ^° n Jrn 

Now, taking the limit as e — > in (j3.18p . we get 

mi = m(xi) = n(xi) = tlj. 

Once that 

P- < P+ 

P+ ~ V- ' 



we have that 



and 



p+ 



p+ p_ 



n, < 5 P - + S p + m u if nu < 1 



p+ 



n/+ < S p - + S P + m, if m 4 > 1. 



(3.19) 



(3.20) 



(3.21) 



Thus, from (13.19p - (13.210 . if tlj > for some i e 3, there exists a > 0, which 
is independent of i, such that 

n { > a. (3.22) 

Recalling that 



p± 



JG3 



(3.23) 



iS3 i£3 

m 7 - < 1 m 7 - > 1 



the inequality ( 13.220 gives 3 = {i G 3; rij > 0} is a finite set. From this, one 
of the two possibilities below occurs: 
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a) There exist n^ , . . . , n* s > for a maximal s G N; 

b) xii = 0, for all % G 3. 



We begin analyzing a). For this, choose < eo < 1 sufficiently small such 



that 



B eo (xi), ■■■ , B eo (x s ) C Bj_(0) and B £o (xi) fl B €o (xj) = 0, i ^ j, 



where xi, . . . ,x s are the singular points related to n^, . . . , tij s , respectively. 
We set 

S / 



A(x) = (p(ex) -^(p f : 
i=i ^ 

Then, for < e < |e , 



:; » \/xeR N . 



W* 



ip e (x) = < 



0, iixeljB, 

i=i 

s 

1, ifxG A e = 5i(0)\|J J B 2e 



X -; 



1=1 



and 



loading to 



Since 



SUpp^e CS|(0)\U^ 



X,; 



i=l 



IP* (a:) 



|P*(z), 



u«r w ^ -> / \v\ p W A- 



I'(v n )(v n ip e ) = o„(l) and I'(v n )(vif> e ) = o n (i), 



repeating the same type of arguments for the case where the exponents are 
constant, we obtain 



lim / (P n + V(x)Q n ) = 0, 



where 



Pjx) = iVw 



ip(x)-2- 



ip(x)-2- 



Vw n - Vur w Vv Vv n -Vv Vx G M JV and Vn G N 



)iV 



and 



Q n (x) = (\v n \ p(x) ~ 2 v n - \v\ p(x) ~ 2 v\ (v n -v) Vi€ R N and \/n E N. 



Since 



^^\Vv n -Vvf x \ iip{x)>2 

Pwfzl>< (p-- i ) ( ,v:M^-^ » ifi <^)< 2 » 



(3.24) 



it follows that 



Thus, 



P«>C 



lim 



A E n{x£R N ;p(x)>2} 



\Vv n - Vvf x) > 0. 



p(x) 



\Vv n - Vv\ P(X > = 



' A e n{x£R N ;p(x)>2} 

On the other hand, by Holder's inequality 



(3.25) 



\Vv n — Vv 

A e n{xeR N ; Kp{x)<2} 

Vrv \p( x ) 



<p(x) 



<c 



p(x)(2-p(x)) 

(|V«„| + |Vu|) 2 



Lp( x ) (A e 



p(x)(2-p(x)) 

(\Vv n \ + \Vv\) 



L2-p(x)( Af _ 



where A e = A e D {x E R N ; 1 < p(x) < 2}. From relation (j3.24p . the right 
side of above inequality goes to zero. Hence, 



lim 



\\7v n -Vv\ p{x) = 0. 



' A E n{x£R N ;Kp(x)<2} 

Now (I3.25P combined with (I3.26J) gives 

Inn / \Vv n -Vv\ p(x) 



(3.26) 



The same arguments can be used to prove that 



lim / V(x) \v n — v 

'Ae 



ip(as) 



0. 
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Therefore, 

v n ^v in W^ p{ - x \A e ). 

The last limit yields, up to a subsequence, 

Vv n (x) — > Vf (x) a.e in A e (0 < e < -eo). 

Observing that 

R N \{x 1 ,x 2 ,...,x.} = M Ai, 

nSN 

w<i e o 

we conclude by a diagonal argument, that there is a subsequence of (v n ), still 
denoted by itself, such that 

Vv n (x) -> Vi>(:r) a.e in R N . 

For the case b), we consider 

^ e (x) = tp(ex) Va; G M^ and A e = Bi(0), e > 0. 

Repeating the same arguments used in the case a), we have that 

v n ^v in W 1j,( - x \Bi(0)). 

This way, there is again a subsequence of (v n ), still denoted by itself, such 

that 



Vv n (x) — > Vv(x) a.e in 



>iv 



Lemma 3.3 Let (v n ) be a (PS)d sequence for I withv n — ^ v in W l,p ^[M. N ). 
Then, there exists a constant M > 0, which is independent of A and /i, such 
that 

I(v) >-M(A e -+A 0+ ). 



Proof. From Lemma [3 .2\ I'(v)v = 0, or equivalently , 

J |Vv|p(*) + V(x)v p{x) = A / /i(x)w r(a;) + // / v q{x) + I v p * {x) . 

Jr n Jr n Jr n Jr n 
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From this, 



I(v) > A ( — - — ) [ h(x)v r{x) + ( 
\P+ r-J Jrn V 



JL-JLw ^*o" 



,p+ p. 

which together with Young's inequality implies that for all e > 0, 



nr)>c(---) I ,."■<■•■> 

p + r. 
1 1 



+ C(e, x) (— - -1 / A e W<*> 



, ^^ l/ "''"' 



C(e,x) 



r(x)©(x) 



ew(^)^ 



, ,i i \ Vi i 

< e < mm < 1, 



where 



Fixing 



r_ p + J \P+ P- 

it follows that 

I{u) > -M (A e - + A 0+ ) , 

where 

M=rA-^(-~-) [ h^\ 
9_ e e+-i ^ r _ p+ j J RN 

■ 
The next result is an important step to understand the behavior of the 
(PS) sequences of /. 

Lemma 3.4 Let (v n ) be a bounded sequence in W 1 ' p( - X \'R N ) such that 
v n {%) —* v(x) and Vv n (x) — > Vv(x) a.e in M. N . Then, 

i) I(v n ) - Ifj,(v n - v) - I(v) = o n (l) 

and 

u) i'( Vn ) - j;k -v)- i\v) = o n (\). 

Consequently, if (v n ) is a (PS)d sequence for I with weak limit v G 
W 1 '?^ (M. N ) , setting w n = v n — v, we have that for some subsequence, (w n ) 
is a (PS)d-i(v) sequence for J M . 

21 



Proof. From definitions of I and /„, we derive that 



«• 



I(v n ) ~ Iu(Vn -V)- I(v) 



p(x) 



Vv, 



,p(x) 



IVfn — Vti 



<p(x) 



\Vv 



<p(x) 



I Y$( v M-\ Vn - v \^- v p(*))-J ^L*»- 



\ Vn - v llM- v q{*) 



J_ Lp*(*) _ \ Vn _ v fW _ v p*(*)) _ A f ^) („;(.) _ w r(,)) 
*(x) V / .Ln r(x) 



p*(x) 

By Propositions 12.51 and 12. 6j we observe that the right side of the last 
inequality is o n (l), and so, 

-f(f„) - I^{v n -v)- I(v) = n (l), 

showing z). 

Now, to prove zz), we fix </> e W rl ' p wfR JV J with ||(/?|| = 1. Using Holder's 
inequality together with Sobolev's embedding, it follows that there is a 
positive constant C such that 

[I'(v n ) -I'^vn-v) -I'(v)] <p\ < C(A 1 (n)+A 2 (n) + A 3 (n) + Mn)+A 5 (n)) 

where 



A x (n) 
A 2 {n) 
A 3 (n) = fi 
AAn) 



Nv r 



|p(a)-2 



lPW-2 



Vv n - \Vv n - Vv\ p(x) ~ z {Vv n - Vv) - | V< w ~ 2 Vv 



p(x)-2 



p(x)— 2 I ip(a;) — 2 / \ n(r) — 1 

'M V n — \V n — t>| v ; (t> n — V) — V P( ' V 



q(x)—2 I \q(%)— 2 / \ ofVl— 2 



p*(x)—2 I \p*(x)— 2 / \ «*fV) — o 



p'(x) 



p'(x) ' 
q'(x) ' 
p*'(x) 



and 



As(n) = A / h(x) | (v^- 1 - u^" 1 ) vp| 



From Proposition 12.101 Ai(n) = o n (l) for i = 1,2,3,4. Related to A 5 (n), we 
have that 



h(x) | (< (x)_1 - u r(x)_1 ) y»| = f h?& l^" 1 - v r{x) - l \ h^D 



f\ 
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Since 



h^k) I^M _ v r(x)-l| e ^(a) ( R JV) and ^^1 g ^^(R^), 



by Holder's inequality, 



/ h(x) I (< (a,)_1 - u^*)- 1 ) J < C 
Now, our goal is to prove that 



/j,^M LKaO- 1 _ ^/OO-il 



r'(x) 



-►0, 



r'(x) 



or equivalently, 



To this end, we define 



h(x)\v r n {x) - 1 -v r ^- 1 \ r ' {x) 



-+0. 



(3.27) 



V n (x) = UK*)- 1 -vK*)-!^ Vn G N. 



Then, 



V n (x) — >■ a.e in 



dJV 



p*M 



and (V n ) is bounded in L r M (R^J. Therefore, by Proposition \2.6\ it follows 
that 



V M 



Thus, 



proving (j3.27p . Consequently, 



V n -± in L W (R N ) . 
h{x)V n {x) -> 



or yet 

finishing the proof. 



|/'K)-i;> n -i;)-j'(v)|| = o n (i), 

J '0n) - ^K - V) - /'(«) = O n (l), 
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Lemma 3.5 Suppose fi > fi , where /io is given in \1.2\) . Then, I verifies the 
{PS)d condition for 

d<c^-M (A e - + A 0+ ) . 

Proof. Let (v n ) be a (PS)d sequence for / with d as above. We know that 
there exists v e W 1 **** (R N ) such that 

Vn^vinW 1 '^^), 

and 

Vn(x) — > v(x), a.e in M. . 



Setting w n = v n — v, by Lemma l3T4"l we see that (w n ) is a (PS)d-i( v ) sequence 
for J M . Thus, up to a subsequence, we can assume that 

/ {\Vw n \ p{x) + V{x)\w n \ p{x) )^L>0. 

Jr n 

Next, we will show that L = 0. To this end, we recall that only one of the 
below possibilities hold: 

a) There is R > such that 



lim sup / \w n \ p{ - x) = 
n v m N JB n (v) 



n yeR N JB R (y) 

or 



b) For each R > 0, there are r\ > and (y n ) C M N ( which we can suppose 
in °Z N ) such that 



lim / \wJ p{x) > 



n I 



n- 



n JB R (y n ) 

We will show that b) does not hold. Arguing by contradiction, if b) is true, 
we define 

Wn(x) = w n (x + y n ), x e R N . 

Then, by a simple computation, 

I^{uhi) = I^Wn) and I'^Wn) = o„(l). 
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So, (u£) is also a (PS) d „ I(v) sequence for J M . Let w e W 1 *^ (R*) \ {0} the 
weak limit of «v Since I' (w) = and w ^ 0, it follows from the definition 



of c M that 



P+ 



limf / f * _^V|v^) + v(x)|^r ( 

Jn* \P+ q{x)J J r n \p + p*(x)J 

lim [I^uTn) - —I'^uT n )vrA =d- I(v) <d + M (A 6 " + A 0+ ) 

n \ P+ / 



Thus, 



c„ 



M (A - + A 0+ ) < d, 



which is a contradiction with the hypothesis on d. Therefore, b) does not 
hold. Then a) holds, and by Lemma 3.1 in [16] . 



w n ->0mL q W(R N ), 

or equivalently, 

/ \w n \ q{x) ^0. (3.28) 

Jrn 



Since P (w n )w n = o ra (l), we derive that 



\ Wn fW -► L. 

Jrn 

By(E2SD, 

d - I(v) + o n (l) = />„) + /i / -^Kl 9(a:) 

Jrn Q{x) 



J R N P[X) 



— \w \ p ' {x) 



p*(x) 
and so, 

d-I(v) + o n (l)>— [ (\Vw n \>M + V(x)\w n \M)-±- I \w n fM. 
P+ Jrn P- Jrn 
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Taking the limit of n — > +00 in the last inequality, we see that 

d-I(v)>—L L = 7 L. (3.29) 

K J ~ p + p*_ J K ' 

In this moment, it is very important to recall that 

I(v) > -M (A - + A e +) . 

Then, by the hypothesis on d, 

d - I(v) < c M . (3.30) 

On the other hand, since fi > /i , the last inequality combined with (II. 2p 
leads to 

d- I(v) < -—; — V. 

v ; 2K'p+ 
Using this information, we get 

llw^ill <T7<1 Vn>n 
K 

and so, 

\w n \p*(x) < 1 Vn>n . 

The above inequalities show that 

([ \w n f (x) ) <k([ \Vw n \*W + V(x)\v n \**n + , Wn>n . 
\Jr n J \Jr n J 

Taking the limit of n — > +00, we derive 

L 1/pt < KL 1/p + 
Supposing by contradiction that L > 0, we obtain 

L>(±)\ (3.3!) 

Combining <K29\\ with ( 13T311 . it follows that 

d - I(v) > 1 L> 1 (±\ 7 , 

which is a contradiction, once that ( 13.301) and ( 11.21) imply that 

f 1 \^ 
d-I(v)<j[ — 

Thereby, L = 0. 
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4 Existence of solution with positive energy 

In this section, we will show the existence of a solution via Mountain Pass 
Theorem. Our first lemma establishes that I verifies the mountain pass 
geometry. 

Lemma 4.1 For each fi > 0, there exists Ai = Xi(fj) > such that I satisfies 
the mountain pass geometry, if A G (0, Ai). 

Proof. First of all, we observe that 

I(u) >— f (\Vuf x) + V(x)\u\ p ( x A - — [ h{x)\u\ r{x) 
P+ Jrn V ' / r_ J r n 



1L / i,,|9(*)_Jl 



\ [ \uf (x) V«6 W 1J * x) (R N ). 



\u 
Q- Jr n V 

By Sobolev's embedding, there are C±, Ci > such that 

\u\ q ( x) < d\\u\\ and |u| p . (x) < C 2 \\u\\, Vw G W lMx) (R N ). 

If we suppose that 

fill 
||u|| < m = muW \ — —\ 



then 



|w|| < 1, |w| g ( x ) < 1 and \u\ p ^ x) < 1. 



The above inequalities yield 

I(u) > — |M| P+ - ACsj/ilof^llwir- - fJ,C 4 \\u\\ q - - C 5 \\u\\ p -, if \\u\\ < m. 
P+ 

Since p + < q~,p*_, we can choose R = R(fi) G (0,m) such that 

— R p+ - {iC 4 R q - - C 5 R P - > —R p +. 
P+ ' 2p + 

So, if \\u\\ = R, 

I(u)>-^-R p +-\C 3 \h\ e(x) R r -. 
zp + 
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Now, we choose Ai = Xi(fi) > such that 

1 



t -R p + - X^lhle^R 1 -- = (3 > 0. 
zp + 

Consequently, if A G (0, Ai), we have that 

I(u) > 0, for ||u|| = R, 

showing that the first geometry is satisfied. For the second geometry, we fix 
u e W l ' p ^{M. N ) with u + ^ 0. Then, for t > 1, 

I(tu)<t>+ ! -±-(\Vu\ pix) +V(x)\u\^)-f- [ ^(u+) r{x) 
Jr n P{x) v ' Jr n r{x) 



*i-w)^- r -Lik<° +) ™ 



from where it follows that 

lim I(tu) = — oo. 



t—too 



From this, we observe that the second geometry follows choosing e = t$u 
with to > Tifii and I(t u) < 0. 

Lemma 4.2 For each ft > fiQ, there exists < A2 = A 2 (/i) < A 1; with X\ 
given in Lemma \4-l\ such that the mountain pass level c of I satisfies 

c<c^- M (A - + A e +) , 

for all Xe (0,A 2 ). 

Proof. For each /1 > fi , we know that there is * G W 1 *^ (R N ) \ {0} with 
* > such that 

/„(*) = c M and /;(*) = 0. 

In what follows, fix 5\ > such that 

C/i - M (A e - + A e +) > |, VA G (0,50. 
Since for £ > sufficiently small 

nm <t p - [ -L f |Vm| pW + Wz)|t#w 
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there is to > 0, which is independent of \x and A, such that 

im< ^, Vie[0,t o ]. 
Therefore, for each A G (0,<5i), 

/(**) < y < ^ - M (A e - + A e +) , W G [0,t ]. 
On the other hand, using the fact that \1/ > 0, we have that 

my) = urn - a f ^(tvyw for t > o, 

Jr* r(x) 
from where it follows that 

I(m<Cu-\ min {f- , t r + } [ ^ly r W . 
In particular, for t >t , 

im<c,-Xmin{f -,Q} [ ^W 

Fixing ^2 > such that 

A 6 - 1 + A - 1 < EEi£l£> / *£W VA G (0,* 2 

we have that 

sup I(tV) <c II -M (A e - + A e +) , if A G (0, 8 2 ). 

t>t 

Setting A 2 = min {Ai, S±, 5 2 }, we obtain by the previous estimates, 
sup I(tV) <c ii -M (A e - + A e +) VA G (0, A 2 ). 

Once that 

c < supi(t^), 

for A G (0, A 2 ), it follows that 

c<c^-M (A - + A e +) , 
finishing the proof of the lemma. 
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Theorem 4.3 For each \x > /io, there exists A* = A*(/i) > such that 
problem (P) has a solution with positive energy, for all A G (0, A*). 

Proof. Since jjl > /io, by Lemma 13. 5\ the functional I verifies the (PS)d 
condition for 

d< Cfl -M (A - + A 0+ ) . 

In what follows, we fix A* = A2, where A2 was obtained in Lemma \A. 21 From 
this, if A G (0,A*), by Lemma I4TT| I has the mountain pass geometry, and 
by Lemma I4.2[ the mountain pass level c satisfies 

O<c<c M -M(A e -+A 0+ ). 

Thereby, I satisfies the {PS) C condition, and so, there exists ^1 G 
WAp(*)(rJV) such that 

I'(^ 1 ) = and /(^i) = c > 
showing that \l/i is a nontrivial solution for (P) with positive energy . ■ 



5 Existence of solution with negative energy 

In this section we will show the existence of a solution with negative energy 
by using Ekeland's Variational Principle. 

Lemma 5.1 / is bounded below in Br(0), where R > is given by Lemma 



4-1 Moreover, 

J = inf I{u) < 0. 

ueB R (o) 

Proof. If u G -Br(O), then ||m|| < 1. Arguing like in the proof of Lemma 
I4.1[ we obtain 

\I{u)\ < — f (\Vu\ p(x) + V(x)\u\ p{x A + — [ h(x)\u\ rix) 
V- Jrn \ ' / r_ J r n 

J± / |„.|«(*) + J_ / |„.|P'G-0 



+ — / |M| yw + — / \U\ 

Q- Jm p_ J r n 

< —\\u\\ p - + XC 3 \h\e ix )\\u\\ r - + fiC 4 \\u\\ q - + C 5 \\u\\ p - 
V- 

< —R p - + XC 3 \h\ e{x) R r - + iiC 4 R q - + C b R pt . 



V- 
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From this, / is bounded from below in Br(0). 

Let u G W 1 ^ X \R N ) \ {0} with u + ^ and < t < 1. Then, 

i{tu) < t*-p(u) - \r+ [ ^l(u + ) r{x) 

J r n r(x) 

Jrn q(x) J r n p*(x) 

Since r + <£>-, <?+,£>+, 

I{tu) < 0, for t « 0+, 

leading to 

J = inf J(u) < 0. 

ueB R (o) 

■ 
The next result establishes the existence of a {PS)j sequence for /. The 
main tool used is Ekeland's Variational Principle and the arguments are very 
similar to those found in j3], this way, its proof will be omitted. 

Lemma 5.2 For each A G (0, Ai) ; where Ai is given by Lemraa \J^.l\ there is 
a (PS) j sequence for I , that is, there is (u n ) C W 1 ' P ^(MJ S[ ) satisfying 

I(u n ) — > J and I'{u n ) — > 
Now, we are able to prove the existence of a solution with negative energy. 



Theorem 5.3 For each \i > fiQ, there exists A** > such that problem (P) 
has a solution with negative energy for all A G (0, A**). 

Proof. In fact, once that // > /io, by Lemma 13.51 functional I verifies the 
(PS)d condition for 

d<c^-M (A e - + A e +) . 

In what follows, we choose A3 > such that 

< c M - M (A - + A 0+ ) , VA G (0, A 3 ) 
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and A** = min {Ai, A3} . For each A G (0, A**), it follows from Lemma 15.21 
that there exists a (PS)j sequence (u n ) for J, where 

J= inf I(u). 

ueB R (o) 



By Lemma 15.11 we have J < 0, then / verifies the (PS)j condition. From 
this, there exists ^ 2 e W 1 *® (R N ) such that 

J'(# 2 ) = and J(* 2 ) = J < 

Hence, ^2 is a nontrivial solution for (P) with negative energy. ■ 

6 Final comments 

Regarding to the problem 



u, A N , 



-A p{x) u + V(x)\u\ p ^- 2 u = Xh(x)\u\ r ^- 2 u + fi\u\ q ^- 2 u + \u\ v * { - x) ~ 2 

u e WW*) (R N ) , 

repeating the same arguments used by Azorero & Alonso [29], we can prove 
that there exists /i* > with the following property: for each \x > fi*, there 
is A M > such that (P)* has infinitely many solutions with negative energy, 
if A G (0, X/j). This result is obtained using the concept and properties of 
genus and working with a truncation of the energy functional corresponding 
to (P)*. 
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